We study the entanglement generated in the steady state of two interacting qubits coupled to thermal reservoirs. We show that the amount of steady-state entanglement can be enhanced by the presence of a third thermal reservoir which is common to both qubits. Specifically, we find that entanglement can be enhanced as long as the temperature of the common reservoir is below the thermalisation temperature of the qubits, whenever a single temperature can be assigned to the steady state of the qubits in the absence of the common reservoir. Moreover, the amount of entanglement generated with the common reservoir present can be significantly larger than that which can be obtained without it for any temperature of the individual reservoirs. From the perspective of thermodynamics, we find that enhancement of entanglement is associated with heat absorption by the common reservoir. We propose a possible implementation of our scheme in superconducting circuits and find that a significant enhancement of steady-state entanglement should be observable under experimentally realistic conditions.
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I. INTRODUCTION
Quantum entanglement is a fundamental concept in quantum mechanics as well as a key resource in quantum information science e.g. for quantum communication, computation, and metrology [1, 2] . Entanglement is notoriusly fragile in the presence of environmental noise, complicating the realisation of practical applications. Hence, understanding how to generate, protect, and enhance entanglement in different environments is important both fundamentally and for enabling quantum information technologies.
A large body of work has been devoted to enhancing and protecting entanglement via direct manipulation, for example through entanglement purification [3] [4] [5] , quantum error correction [6] , dynamical decoupling [7] [8] [9] , or exploiting the quantum Zeno effect [10, 11] , or weak measurements [12] [13] [14] [15] . In addition to these strategies, which aim to counter the effects of noise, it turns out that dissipation can also be beneficial under certain conditions, and can be exploited for entanglement generation in both transient and steady regimes [16] [17] [18] [19] [20] [21] in various physical contexts [22] [23] [24] [25] [26] [27] [28] . Driven dissipative preparation of entangled states has been demonstrated experimentally for atomic ensembles [29] , trapped ions [30, 31] , and superconducting qubits [32] .
Entanglement can also be generated thermally, without any driving. In a composite, interacting quantum system, the energetic ground state may be entangled, and hence cooling the system sufficiently will generate entanglement. In thermal equilibrium at higher temperatures, entanglement may still be present. In fact, the topic of how entanglement varies with temperature has long been a concern of condensed-matter physicists [33] [34] [35] [36] [37] [38] [39] . In particular Refs. [33] [34] [35] [36] studied the variation of entanglement with temperature and magnetic field in spin chains in thermal equilibrium.
Interestingly, entanglement can be enhanced by moving out of thermal equlibrium where temperature gradients induce energy currents among the interacting subsystems. Ref. [40] found increase in entanglement due to an energy current in a spin chain. Ref. [41] studied changes in steady-state entanglement in a model of two interacting qubits coupled to different heat baths. The temperature gradient was shown to enhance or suppress entanglement depending on the internal coupling strength between the qubits. The dynamics of nonequilibrium thermal entanglement in a similar model was studied in Ref. [42] with particular attention to the case of non-resonant qubits, and Refs. [43, 44] studied chains of three qubits out of equilibrium. Refs. [45] [46] [47] [48] demonstrated that entanglement can enhance the performance of quantum thermal machines, and that such machines can be harnessed for entanglement generation. In particular, in Ref. [47] a simple two-qubit thermal machine was presented which generates steady-state entanglement by operating between heat reservoirs at different temperatures. A similar two-qudit machine combined with filtering enables generation of maximal entanglement in any dimension when the temperature gradient is maximal [48] . All of these works confirm that there are strong connections between thermal entanglement and quantum thermodynamics.
While a lot can be learned from and achieved with coupled qubits in contact with independent heat reservoirs, in practical situations there will often be coupling to a common environment as well, and it is also interesting theoretically to understand the effects of such a shared reservoir. In fact, a common reservoir may itself enable entanglement generation. It was shown that entanglement between two qubits could be induced by a common, thermal, single-mode field [49] . Similarly, qubits in a common heat bath can become entangled when evolving through a purely noisy mechanism [50, 51] , and steady-state entanglement is found for qubits immersed in a common thermal reservoir [39] . A common environment out of thermal equilibrium could lead to many-body entangled steady states [52, 53] and protect entanglement during evolution [54] .
Here, we study thermal entanglement generation when both independent and common heat reservoirs are involved. We consider two interacting qubits coupled to individual heat reservoirs, as in the thermal machine of Ref. [47] , as well as to a common reservoir. We show that the steady-state entanglement can be enhanced by the presence of this common reservoir, and that the lower the temperature of the common reservoir, the larger the enhancement. The maximal critical temperature of the common reservoir enabling entanglement growth is the thermalized temperature of the coupled qubits if thermalization is achieved. Entanglement enhancement is accompanied by a thermodynamics process where heat is dissipated into the common reservoir. We also present a possible implementation of our scheme in superconducting circuits. We find that for experimentally accessible parameter settings, a significant improvement of steady-state entanglement can be realized.
II. MODEL
The system we consider, as depicted in Fig.1 , consists of two coupled qubits A and B interacting with two independent heat reservoirs R A and R B , respectively, and potentially also to a common heat reservoir R C . The Hamiltonian of the two qubitsĤ S =Ĥ 0 +Ĥ int with the free Hamiltonian
and the interaction Hamiltonian
where |0 µ and |1 µ are the ground and excited states of qubit µ ∈ {A, B} with energy gap µ , I µ denotes the identity operator, σ µ + = |1 µ 0| andσ µ − = |0 µ 1| are the raising and lowering operators for qubit µ, and Ω is qubit-qubit coupling strength.
The bosonic reservoirs are assumed to be thermal at temperatures T A , T B , and T C . They are described by the Hamiltonian
Here,â † l andâ l are creation and annihilation operators for mode l of reservoir R A , with frequency ω a,l , and similarly for R B and R C . The interaction between the qubits and reservoirs is given bŷ
where g A,l , g B,m are the coupling strengths of qubit A, B with mode l, m of reservoir R A , R B respectively, while g A,n and g B,n denote that of qubit A and B respectively with mode n of R C .
Based on the model given byĤ S ,Ĥ R , andĤ S R , we proceed to construct a master equation for the evolution of the system qubits in the presence of the thermal reservoirs. We will work in the regime of strong inter-system interaction, where all system transition frequencies are large compared to the bath couplings. The reservoirs then couple to the delocalized eigenstates of the total system Hamiltonian H S , and we will obtain a global master equation where each reservoir affects both qubits. For weak inter-system coupling one should instead employ a local master equation when each qubit is affected only by its local baths, as used e.g. in Ref. [47] . The global approach is valid as long as the secular approximation holds, as detailed in [55] where the validity regime for local and global master equations for a thermal machine of two qubits or two harmonic oscillator was studied.
We construct the master equation in the basis of the eigenstatesĤ S . In terms of the free Hamiltonian eigenstates, i.e. |η 1 = |11 , |η 2 = |10 , |η 3 = |01 , and |η 4 = |00 , the eigenstates ofĤ S can be expressed as |λ 1 = |η 1 , 
In terms of eigenstates ofĤ S , the total HamiltonianĤ tot = H S +Ĥ R +Ĥ S R can be rewritten usinĝ
whereˆ
In this expression,V µ, j andV † µ, j are jump operators corresponding respectively to processes where the system looses an excitation to a bath or receives one from it. They are eigenoperators ofĤ S , such that [Ĥ S ,V µ, j ] = −ω jVµ, j where the eigenfrequencies ω j determine the energy lost or recieved by the system. They are given by
+ Ω 2 , corresponding to transitions |λ 1 ↔ |λ 2 and |λ 3 ↔ |λ 4 , and ω 2 = E 1 − E 3 = E 2 − E 4 = m + ∆ 2 /4 + Ω 2 corresponding to transitions |λ 1 ↔ |λ 3 and |λ 2 ↔ |λ 4 . Ex-plicitly, theV µ, j are constructed as followŝ
With the jump operatorsV µ, j , one can derive a master equation in the Born-Markov regime of weak coupling to the thermal reservoirs combined with a secular approximation, valid for strong inter-system coupling. We arrive aṫ
where
, and L C [ρ] describe the dissipative effect on the qubits' dynamics due to coupling with the reservoirs R A , R B , and R C respectively. We note that, as we are working in the Born-Markov regime, the dissipators are additive [56] and so we can obtain the dynamics in the absence of R C simply by omitting the last term above. The dissipators arising from the independent baths are given by
and
In each case, the first line corresponds to stimulated and spontaneous emission, while the second line corresponds to absorption. Γ A (ω j ) and Γ B (ω j ), characterize the damping rates due to interactions with the reservoirs R A and R B respectively. Their exact forms depend on the spectral densities of the reservoirs. Each reservoir is assumed to be in a thermal state, and the occupation number (the average number of photons) at energy ω j of reservoir R ν (ν ∈ {A, B, C}) is given by the BoseEinstein distributionn
In contrast to R A and R B , the reservoir R C is common to the two qubits A and B, and we see from (6) that it will introduce dissipative terms both of the forms (9) and (10) as well as cross terms. Therefore, we have Thanks to the collective effect of the common reservoir, the steady-state entanglement induced by independent reservoirs can be further enhanced. Explicitly
The collective damping rate fulfils Γ (AB)
C (ω j ). For simplicity, in the remainder of the paper we will suppose that all the spectral densitites can be taken to be flat in the relevant energy range such that the damping rates are frequency independent,
C . We are interested in the steady-state entanglement between the two qubits. The steady state is found by setting the left hand side of Eq. (8) to zero, i.e. by solvingρ S = 0. The entanglement of the resulting two-qubit state can then be quantified by the concurrence [57] . We obtain the steady state in the eigenbasis of H S with the density matrix elements λ S ii = λ i | ρ S |λ i . The state can then be reexpressed in the eigenbasis of the free Hamiltonian with density matrix elements η
Only coherences driven by the interaction Hamiltonian (2) can survive in the steady state, and ρ S will therefore be of the form
This is a so-called 'X state' for which the concurrence reduces to the simple expression [58] C(ρ S ) = 2 max{0, |η
The state is entangled whenever C(ρ S ) > 0 and maximally entangled for C(ρ S ) = 1 In addition to the entanglement, it also interesting to look at the heat currents in the system. The introduction of a common reservoir with its own associated temperature will influence both the entanglement and heat current, and we will investigate this link below. The heat current associated with reservoir R ν can be defined as [59, 60] 
From the perspective of reservoir, a positive heat current means heat release from the reservoir, while a negative value implies heat absorption by the reservoir. Therefore, a sign change of the heat current indicates a crossover between heat absorption and heat release or vice versa.
III. RESULTS
We now analyse how steady-state entanglement generation and heat currents are influenced by the introduction of the common heat reservoir R C . We first consider the case where the two independent reservoirs R A and R B are in thermal equilibrium, i.e. T A = T B , and then turn to the out-of-equilbrium case below. We will compare the amount of steady-state entanglement with R C present with the amount when the system is decoupled from R C , and also examine the heat currents.
A. Independent reservoirs at thermal equilibrium
In this section, we consider R A and R B to be in the thermal equilibrium with T A = T B = T . We will also focus on the case where the qubits are resonant, A = B = (i.e. θ = π/2). In the absence of the third reservoir R C , the system will relax into a thermal equilibrium state with temperature T which may contain thermal entanglement [33] [34] [35] [36] [37] [38] [39] . We are interested in how the amount of entanglement varies when the common reservoir with temperature T C is introduced and the entanglement depends on T and T C . That is, denoting the concurrence what the system is decoupled from R C by C AB and the concurrence in the presence of R C by C ABC , we want to compare C AB (T ) with C ABC (T, T C ).
In Fig.2 (a) , we plot the difference ∆C = C ABC (T, T C ) − C AB (T ) as a function of the temperatures. This is the change in steady-state entanglement induced by introducing the common reservoir at temperature T C . As might be expected, we observe that when T C = T (red, dashed line in the figure) there is no change, because the system retains the same thermal equilibrium state with temperature T . The concurrence increases when T C < T , while it decreases for T C > T . Thus, the common reservoir enhances the steady-state entanglement when it effectively cooling the system. However, the enhancement does not simply correspond to more entanglement being obtained at lower temperature, i.e. what could be obtained by lowering T . Rather, the entanglement can be increased significantly beyond what would be obtained without the common reservoir at any T . This can be see from Fig.2  (b) . There we plot the steady-state entanglement as a function of T without the common reservoir, i.e. C AB (T ) as well as with, C ABC (T, T C ) for different T C . We clearly see that the maximum of C ABC can be significantly higher than that of C AB . While entanglement vanishes for large T without R C , it can be reovered by adding the common reservoir. When the common reservoir is cold (low T C ), the entanglement peaks for a larger T , indicating that the thermal gradient induced by different T and T C assists the entanglement generation. This can be further corroborated by studying the heat current Q C out of the reservoir R C , which we plot in Fig. 3 . When T C goes from being larger than T to being smaller, the current changes sign from positive to negative meaning that the reservoir R C begins to absorb heat. The enhancement of steady-state entanglement is thus accompanied by heat absorption of the common reservoir from the independent ones. 
B. Independent reservoirs out of thermal equilibrium
We now turn to the case where the two independent reservoirs R A , R B are not necessarily at thermal equilibrium, T A T B . In the regime of weak qubit-qubit interaction, where there is neglegible entanglement at equilibrium, such a temperature gradient can be harnessed for entanglement generation, as shown for thermal machines [45] [46] [47] [48] . In Refs. [47, 48] entanglement was maximised when the temperature difference was as large as possible, e.g. for T A approaching zero and T B large. Here, we are interested in how the addition of a common reservoir R C affects the amount of steady-state entanglement. In particular, we saw above that in equilibrium T A = T B = T , the addition of R C enhances the entanglement whenever T C < T . We would like to understand how this finding generalises to the nonequilibrium setting.
Since we are working in the strong coupling regime, where the reservoirs coupled to the delocalised eigenstates of the system Hamiltonian H S , we can be regard our model as descriving an effective four-level system connected with two independent reservoirs (in the absence of R C ). Out of equilibrium, the steady state of this system is not generally a Gibbs state, and so it is not possible to assign it a temperature in an unambiguous manner. Nevertheless, we can characterize the state of the effective four-level system via the following two effective temperatures [39, [61] [62] [63] as
, where
denote effective transition rates between the eigenstates of H S (see e.g. [39] for details). When the two independent reservoirs are in thermal equilibrium, T A = T B = T , both effective temperatures reduce to T , consistent with the fact that the two coupled qubits eventually reach a thermal equilibrium state. By contrast, out of equilibrium, T A T B , the effective temperatures are generally different, both in the range between min{T A , T B } and max{T A , T B }. Depending on the reservoir temperature and the detuning between the qubits ∆ , one or the other effective temperature may be larger. There thus exist some special conditions under which the two effective temperatures become equal even when reservoirs R A and R B are not in equilibrium, in which case we can assign a definite temperature to the system. We will now see that in these special situations, the result obtained in the equilibrium case above still holds.
From (19) and (20), for a given temperature gradient, we can derive a suitable energy detuning ∆ of the two qubits such that T e f f (ω 1 ) = T e f f (ω 2 ) = T e f f . This is illustrated in Fig. 4 , where we plot the two effective temperatures T e f f (ω 1 ) and T e f f (ω 2 ) as functions of the detuning ∆ for different temperature gradients. For the points of thermalisation in Fig. 4 , where T e f f (ω 1 ) = T e f f (ω 2 ) = T e f f , we now consider the effect of adding the common reservoir R C . In Fig. 5 we show the concurrence and heat current Q C as functions of T C . The values in the absence of R C are also indicated. We see that the amount of entanglement is enhanced with respect to that obtained in the absence of R C whenever T C < T e f f . Thus our statement from the equilibrium case above generalises with T replaced by T e f f . As before, the lower T C the higher the concurrence. Again, enhancement of entanglement is associated with heat absorption by the common reservoir (Q C becomes negative).
For the particular nonequilibrium conditions under which the qubits can be assigned a single effective temperature, we have thus shown that entanglement can be improved for T C up to T e f f . In the general nonequilibrium case where there is no single thermalisation temperature, T e f f (ω 1 ) T e f f (ω 2 ), the addition of a common reservoir with suitable temperature can still improve the steady-state entanglement. Although we could not explicitly determine an upper bound on T C below which entanglement is increased in this general case, we have verified that such a upper bound should be less than the value of T C which triggers heat absorption by R C . In other words, at the upper bound of T C , the heat current Q C is already negative, in contrast to the exact correspondences between entanglement enhancement and heat absorption shown in Fig. 5 .
IV. IMPLEMENTATION
Before we conclude, in this section we propose a possible implementation of our scheme in circuit quantum elec- FIG. 6 . Possible circuit QED implementation of the scheme. Two fluxonium qubits are coupled via a microwave resonater detuned from the energy spacing of the qubits, to realise a system Hamiltonian H S given in (1)- (2) . Each qubit is coupled to effective baths with variable temperatures, corresponding to noise in external circuits which have a finite impedance. A common bath affecting both qubits is realised in the same manner. Imperfect control over external control parameters and other noise sources leads to additional pure dephasing.
trodynamics (QED) and compute the achievable improvement in steady-state entanglement for experimentally accessible values of the coupling parameters. A number of physical platforms could potentially enable implementations of the scheme, including trapped atoms, ions, and solid-state artificial atoms such as nitrogen-vacancy centres in diamond. However, here we focus on superconducting systems in which experimental studies of quantum thermodynamics have already been realised [64] [65] [66] [67] and which are good candidates for implementing quantum thermal machines [47, 48, [68] [69] [70] .
In circuit QED, a Hamiltonian ofĤ S can be realised by two transmon or fluxonium qubits [71] coupled dispersively via a microwave cavity, as shown in Fig. 6 . Such a coupling was already demonstrated for transmon qubits and is expected to work similarly for fluxonium [72] . The level spacing of fluxonium qubits is accurately tunable in a wide range from hundreds of MHz to tens of GHz.
The qubits are naturally coupled to thermal baths due to the presence of thermal Johnson Nyquist noise in the surrounding circuitry. Effective thermal baths for each qubit can be implemented by controling the electronic noise coupling to each qubit. E.g. the effective temperature can be increased by increasing the noise level in particular transmission lines. A common bath coupling to both qubits can be realised similarly. If we model the thermal environments of the qubits by bosonic thermal reservoirs, their effect on the system is already captured by the Lindblad-type master equation (8) . The system-bath coupling strengths can vary in a range of about 0.1-10 MHz. Imperfections in external control parameters, such as magnetic flux noise, will lead to additional pure dephasing [73] . We account for this phenomenologically by adding another dissipative term on the right-hand-side of (8) , given by
whereD A =σ z ⊗ 1 1 andD B = 1 1 ⊗σ z withσ z the Pauli operator, and γ is the pure dephasing rate which we take to be the same for both qubits. Based on the relaxation (T 1 ) and Ramsey dephasing (T 2 ) times measured for fluxonium qubits in Ref. [74] , we take the pure dephasing rate to be −1 ≈ 3.5 × 10 −2 MHz. Solving for the steady state of the modified master equation, we can compute the attainable concurrence for experimentally relevant parameter settings. We obtain the result shown in Fig. 7 . As can be seen from Fig. 7(a) , a significant amount of entanglement can be generated in a realistic setting, even in the presence of pure dephasing. From Fig. 7(b) we also note that the conclusion from above is still valid: More entanglement can be generated when the common bath temperature is below the individual bath temperatures, and hence the system is out of equilibrium. The improvement in steady-state entanglement depends on the qubit-qubit interaction strength, as well as the strength of the bath couplings, as shown in Fig. 7(c) . When the bath coupling is weaker, the improvement peaks at higher interaction strengths. Substantial improvements can be obtained for accessible parameter values. We conclude that the prospects for a proof-of-principle experimental implementation of the scheme are promising.
V. CONCLUSION
In conclusion, we have shown that it is possible to improve the steady-state entanglement of two interacting qubits coupled to independent thermal reservoirs by simply introducing common thermal reservoir coupling to both qubits. We find that it is advantageous for the common reservoir to be cold, and that there is a maximal temperature of this reservoir up to which entanglement is enhanced. When the two qubits in the absence of the common reservoir thermalise to a definite temperature -either because the two independent reservoirs are at thermal equilibrium or because an effective temperature can be assigned to the qubits in the steady state -then this upper bound is simply equal to the thermalisation temperature. In all cases where entanglement is enhanced, the enhancement is associated with heat absorption by the common reservoir which is thus effectively cooling the system. In the equilibrium case, we observe that with the common reservoir present, entanglement can be generated for larger temperatures of the individual reservoirs than otherwise possible. We have proposed and analysed an implementation of our scheme using superconducting qubits and have seen that even in the presence of additional dephasing and for experimentally accessible parameter settings, a pronounced improvement of steady-state entanglement is possible, and a signficant amount of entanglement can be generated.
